In this work breathers are obtained in a hollow-core photonic crystal fiber (HC-PCF) for the first time. The nonlinear Schrödinger equation describing the propagation of pulses in a HC-PCF is investigated using the Hirota bilinear method and the auxiliary function method. Analytic breather solutions are derived by an appropriate choice of parameters. Dynamical behavior of breathers is exhibited, and the influences of different parameters on the characteristics of breathers are discussed. The presented results could be used in fiber lasers, nonlinear optics and Bose-Einstein condensates.
Introduction
Photonic crystal fibers (PCFs) are optical fibers based on the properties of photonic crystals [1] . Because of their ability to confine light in hollow cores or with confinement characteristics not possible in conventional optical fibers, PCFs possess numerous unusual properties, including highly tunable dispersion, nonlinearity and single mode operation at all wavelengths. Those properties are of fundamental importance for applications in fiber-optic communications, fiber lasers, nonlinear devices, high-power transmission and highly sensitive gas sensors [2] [3] [4] [5] . More specific categories of PCFs include photonic bandgap fibers, holey fibers, hole-assisted fibers and Bragg fibers. Among these, some attention has been paid to hollow-core photonic crystal fibers (HC-PCFs) [6] [7] [8] [9] .
HC-PCFs, which guide light due to the presence of a photonic bandgap, represent a new generation of low-loss 3 Authors to whom any correspondence should be addressed. transmission fibers. They enable high-power light delivery in a single spatial mode [10] . HC-PCFs have also been considered as suitable 'hosts' for overcoming the difficulties caused by nonlinear interactions between laser light and low-density gas media [11] . These advantages lead to many fascinating applications for HC-PCFs, such as in sensors and nonlinear optics in which the gas is introduced into the core region [12, 13] .
In this paper, the nonlinear dynamics of HC-PCFs will be studied analytically. The propagation of pulses in a HC-PCF can be described by the following nonlinear Schrödinger (NLS) equation [14, 15] :
where ψ(ξ, τ ) is the normalized electric-field envelope, ξ is the longitudinal coordinate along the HC-PCF and τ is the time coordinate in a reference frame that moves with the pulse group velocity. β 2 represents the group-velocity dispersion coefficient and β 3 is the third-order dispersion coefficient.
is the Dirac delta function, t 0 is the input pulse duration, ρ is the relative strength of the non-instantaneous Raman nonlinearity and h(τ ) is the causal Raman response function of the gas [16, 17] .
, where k 0 = ω 0 /c with c being the speed of light and ω 0 is the input pulse central frequency, σ is related to two constants [14] , ω T is the maximum plasma frequency, A eff is the effective mode area and γ K is the nonlinear Kerr coefficient of the gas.
For equation (1) , solitons, being a type of localized nonlinear excitation, have been studied extensively in HCPCFs [14, 15, 18 ]. An analytic study on controlling soliton dynamics in a HC-PCF has been presented and the features and properties of solitons have been discussed in [18] . It has been theoretically shown [15] that photoionization leads to a constant acceleration of solitons in the time domain with a continuous shift to higher frequencies, limited only by ionization loss. By applying the Gagnon-Bélanger gauge transformation, stationary negative-slope two-peak inverted gravity-like soliton solutions have been obtained for pulses propagating in a HC-PCF filled by Raman-inactive gases [14] . Moreover, unconventional long-range nonlocal interactions between temporally distant solitons, unique to gas plasma systems, have been predicted and studied [14] .
A more widespread class of localized nonlinear excitations, which are perhaps even more important than solitons in nonlinear optics and Bose-Einstein condensates (BECs), are breathers [19] . Breathers need practically no activation energy, and can bridge the gap between highly nonlinear modes and linear phonon modes [19] . Furthermore, the internal degree of freedom of breathers increases their potential to describe physical phenomena. Thus, it is necessary to investigate breathers in HC-PCFs.
To the best of our knowledge no studies have explicitly characterized breathers in a HC-PCF described by equation (1). The present paper has the goal of demonstrating the existence of breathers in HC-PCFs. Here we focus on equation (1), which will be studied by means of the Hirota bilinear method and the auxiliary function method. We present for the first time analytic breather solutions for equation (1), and the influences on these breathers will be discussed. Our results may have an important role in the research of some physical phenomena such as fiber lasers, nonlinear optics and BECs.
The paper will be structured as follows. In section 2 we present the analytic breather solutions for equation (1) . In section 3 we study the features and properties of breathers, and analyze the influences on breathers. Finally in section 4 we summarize our findings and present our conclusions.
Bilinear forms and analytic breather solutions for equation (1)
First we introduce the dependent variable transformation [20] [21] [22] [23] 
where g(ξ, τ ) is a complex differentiable function and f (ξ, τ ) is a real one. After some symbolic manipulations, bilinear forms with an auxiliary function s = s(ξ, τ ) can be obtained for equation (1) as
Here, Hirota's bilinear operators D ξ and D τ [24] are defined by
The bilinear forms (3)- (5) can be solved by the following power series expansions for g(ξ, τ ), f (ξ, τ ) and s(ξ, τ ):
where ε is a formal expansion parameter. Substituting expressions (7)-(9) into bilinear forms (3)- (5) and equating coefficients of the same powers of ε to zero yields the recursion relations for g n (ξ, τ ), f n (ξ, τ ) and s n (ξ, τ ). Then, analytic breather solutions for equation (1) can be obtained. To derive the analytic breather solutions, we take
where
with a j1 , a j2 , b j1 , b j2 , k j1 and k j2 (( j = 1, 2) are real constants). With g 1 (ξ, τ ), and collecting the coefficient of ε in equation (5), we can get the constraints on the parameters:
Substituting g 1 (ξ, τ ) into equations (3) and (4), and collecting the coefficient of ε 2 yields (12) with
We substitute g 1 (ξ, τ ), f 2 (ξ, τ ) and s 2 (ξ, τ ) into equation (5) 
,
.
In order to obtain f 4 (ξ, τ ), substituting g 1 (ξ, τ ), f 2 (ξ, τ ), s 2 (ξ, τ ) and g 3 (ξ, τ ) into equation (3), and collecting the coefficient of ε 4 , we get 
with
Using equation (4) , and according to the procedure to obtain f 4 (ξ, τ ), we can obtain s 4 (ξ, τ ) as 
Without loss of generality, we set ε = 1, and we can write the explicit form of analytic breather solutions as
where g 1 (ξ, τ ), f 2 (ξ, τ ), g 3 (ξ, τ ), and f 4 (ξ, τ ) are defined in expressions (11)- (14).
Discussions
By choosing the appropriate values in the analytic breather solution (15), we can present breather profiles in nondimensional form, as shown in figure 1 . It is noted that we demonstrate the existence of breathers in a HC-PCF analytically for the first time. They have different periodicity properties with different values of the parameters in solution (15) . Their energies are concentrated in a localized and oscillatory fashion, and the breathers oscillate in both space and time. By changing the values of k 11 and k 21 , we can change the amplitude, period and width of the breathers. In figure 1(b) , the values of k 11 and k 21 are smaller than those in figure 1(a) : the amplitude and period of the breathers decrease while the breather width is broadened. The oscillating state and breather period can be controlled by choosing different parameter values. When the sign of k 21 is positive, such as k 21 = 1 in figure 2 , the breather period decreases, and the oscillating state is weakened. Moreover, the amplitude of the breathers decreases. Changing the value of k 11 , we can also control the oscillating state. In figure 3 , the oscillating state of the breathers disappears when the value of k 11 decreases, such as for k 11 = −20. The pulse shape looks like the sech type, but the pulse front is steeper than a sech one.
In figures 1-3, we show the influences of k 11 and k 21 . k 12 and k 22 have an influence on the breather phase alone. Next, the influences of b 11 , b 12 , b 21 and b 22 will be discussed. By increasing the value of b 11 or decreasing the value of b 21 we can adjust the breathers in figure 4 . The breather amplitude decreases, the breather oscillation is enhanced and the breather width is broadened. The breather amplitude oscillates with large deviations. By increasing the values of b 12 and b 22 we can amplify and compress the breathers as shown in figure 5 . The amplitude of breathers increases gradually, and the breathers can be amplified. At the same time, the breather width becomes narrow in figure 5(b) and the breathers are compressed. So our work can be used to design laser systems for the generation of high energy pulses, which are more conducive to generating a supercontinuum.
By decreasing the value of β 2 or increasing the value of η the amplitude of the breathers can also be increased. In this case, the breather profiles are similar to those in figure 4 . That is, the group-velocity dispersion affects just the breather amplitude. When the Raman resonant time constant τ R changes, such as τ R = 5 in figure 6 , the breather amplitude decreases and there is an energy loss.
Conclusions
A class of localized nonlinear excitations, breathers, has been obtained in HC-PCFs. The NLS equation (see equation (1)), which can be used to describe the propagation of breathers in HC-PCFs, has been investigated analytically. Using the Hirota bilinear method and the auxiliary function method, an analytic breather solution (15) with eight free parameters has been presented. The characteristics of breathers have been discussed in relation to special choices of these free parameters in the solution (15) . The following aspects should be noted:
(1) We demonstrate that the choice of parameters not only controls the amplitude of breathers but also influences their oscillating state and period. The amplitude, period and oscillating state of breathers can be adjusted with k 1 j ,k 2 j andb j1 (see figures 1-4) . The group-velocity dispersion β 2 has an effect on breather amplitude.
(2) Breathers have been amplified and compressed with increasing values of b 12 andb 22 (see figure 5 ). This amplification mechanism can be used to obtain high energy pulses and generate a supercontinuum in a HC-PCF. Our results may be useful for the application of supercontinuum generation in laser systems and could also be expected to be helpful in describing pulse propagation and in relevant applications in nonlinear optics and BECs.
